Introduction {#Sec1}
============

In recent years, a variational formulation of fracture evolution has been proposed by Francfort and Marigo \[[@CR21]\], and later developed by Dal Maso and Toader \[[@CR17]\], and Dal Maso, Francfort, and Toader \[[@CR15], [@CR16]\] (see also \[[@CR22]\] and the references therein, for a variational theory of rate independent processes). Such evolution is based on the idea that at any given time the configuration of the elastic body is an absolute minimiser of the energy functional (see also \[[@CR4], [@CR11], [@CR14], [@CR18]\] in the context of plasticity where, more in general, critical points of the energy are allowed).

In this paper we study optimal regularity and free boundary for minimizers of an energy functional arising in cohesive zone models for fracture mechanics. Such models describe the situation in which the energy density of the fracture depends on the distance between the lips of the crack (see for instance \[[@CR4], [@CR11]--[@CR13], [@CR19]\]). We consider the energy functional associated to an elastic body occupying the open strip $\documentclass[12pt]{minimal}
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For simplicity, we will assume that $\documentclass[12pt]{minimal}
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A major obstacle to the regularity of solutions is the possible presence of fracture points where *u* changes sign. Indeed, at such points the normal derivative $\documentclass[12pt]{minimal}
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Problems of this type, where two phases (in this case the sets $\documentclass[12pt]{minimal}
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                \begin{document}$$\{ x \in \mathbb {R}^n : u (x,0) < 0 \}$$\end{document}$) can "touch" at a lower dimensional free boundary, have recently been studied by Allen and Petrosyan, \[[@CR3]\], Allen \[[@CR1]\], and Allen, E. Lindgren and A. Petrosyan \[[@CR2]\]. In these papers, to show the separation of phases the authors use in a clever way the Alt-Caffarelli-Friedman and the Weiss monotonicity formulas. Our approach is different and, although it requires *g* to be sufficiently smooth, it does not rely on monotonicity formulas. Therefore, it can be applied to problems where the Laplacian is replaced by more general operators.

To show the separation of phases, we begin by proving some interesting general properties of the solutions, such as the fact that the crack set $\documentclass[12pt]{minimal}
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Actually, in Lemmata [3.5](#FPar12){ref-type="sec"} and [3.6](#FPar13){ref-type="sec"} we prove a stronger property than the semiconvexity (resp. semiconcavity) of $\documentclass[12pt]{minimal}
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In other words, provided *v* decays slower than quadratic, we obtain the following theorem, which is the second main result of the paper:

Theorem 1.2 {#FPar2}
-----------
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To prove Theorem [1.2](#FPar2){ref-type="sec"} we show that ([1.6](#Equ6){ref-type=""}) implies that $\documentclass[12pt]{minimal}
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The paper is organised as follows. In Section [2](#Sec2){ref-type="sec"} we introduce the notation and the setting of the problem. We show basic regularity properties of the solution *u* in Section [3](#Sec3){ref-type="sec"}, while Section [4](#Sec4){ref-type="sec"} is devoted to the separation of phases and the optimal regularity. Frequency formula is the subject of Section [5](#Sec5){ref-type="sec"}, and in Section [6](#Sec6){ref-type="sec"} we study blow up profiles. Finally, in Section [7](#Sec7){ref-type="sec"} we prove the regularity of the free boundary.

Notation {#Sec2}
========
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Throughout all the paper, *C* will denote a universal constant, possibly different from line to line. For any function $\documentclass[12pt]{minimal}
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Remark 2.1 {#FPar3}
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Basic Properties of the Solution {#Sec3}
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Lemma 3.4 {#FPar10}
---------
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An analogous result holds true for $\documentclass[12pt]{minimal}
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Lemma 3.6 {#FPar13}
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The following remark will be useful in the proof of Proposition [4.1](#FPar17){ref-type="sec"}.

Remark 3.7 {#FPar14}
----------
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Remark 3.8 {#FPar15}
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Phases Separation and Optimal Regularity {#Sec4}
========================================

As already mentioned in the Introduction, the main problem in establishing optimal regularity is that one cannot exclude *a priori* the existence of free boundary points where the function *u* changes sign. Indeed, at such points $\documentclass[12pt]{minimal}
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Proposition 4.1 {#FPar17}
---------------
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Before proving Proposition [4.1](#FPar17){ref-type="sec"}, we show how this allows us to prove Theorem [1.1](#FPar1){ref-type="sec"}.

Proof of Theorem 1.1 {#FPar18}
--------------------
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We now give the proof of Proposition [4.1](#FPar17){ref-type="sec"}.

Proof of Proposition 4.1 {#FPar19}
------------------------
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Frequency Formula {#Sec5}
=================

In this section we prove a frequency formula, which will allow us to study the blow up profiles of solutions *u* of ([1.2](#Equ2){ref-type=""}). To this purpose, assuming that (0, 0) is a free boundary point for *u*, and that $\documentclass[12pt]{minimal}
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Throughout this section we assume that the hypotheses of Theorem [1.1](#FPar1){ref-type="sec"} are satisfied, that *v* is given by ([1.5](#Equ5){ref-type=""}) where *u* is a solution of ([1.2](#Equ2){ref-type=""}), that (0, 0) is a free boundary point for *v*, and that $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\int _{B_{r_0}} {\widetilde{v}} \Delta \varphi \, \mathrm{d}z = \int _{B_{r_0} \cap \{ y> 0\}} {\widetilde{v}} \Delta \varphi \, \mathrm{d}z + \int _{B_{r_0} \cap \{ y< 0\}} {\widetilde{v}} \Delta \varphi \, \mathrm{d}z\\&\quad = \int _{B_{r_0} \cap \{ y> 0\}} \text {div} ( {\widetilde{v}} \, \nabla \varphi ) \, \mathrm{d}z + \int _{B_{r_0} \cap \{ y> 0\}} \text {div} ( {\widetilde{v}} \, \nabla \varphi ) \, \mathrm{d}z \\&\qquad - \int _{B_{r_0} \cap \{ y> 0\}} \nabla {\widetilde{v}} \cdot \nabla \varphi \, \mathrm{d}z - \int _{B_{r_0} \cap \{ y< 0\}} \nabla {\widetilde{v}} \cdot \nabla \varphi \, \mathrm{d}z\\&\quad = \int _{B_{r_0}^n} ( {\widetilde{v}}_{\scriptscriptstyle LT} - {\widetilde{v}}_{\scriptscriptstyle RT} ) \frac{\partial \varphi }{\partial y} \, \mathrm{d}{\mathcal {H}}^n - \int _{B_{r_0} \cap \{ y > 0\}} \text {div} ( \varphi \nabla {\widetilde{v}} ) \, \mathrm{d}z - \int _{B_{r_0} \cap \{ y < 0\}} \text {div} ( \varphi \nabla {\widetilde{v}} ) \, \mathrm{d}z \\&\quad = \int _{B^n_{r_0}} \varphi \left( \frac{\partial {\widetilde{v}}_{\scriptscriptstyle RT}}{\partial y} - \frac{\partial {\widetilde{v}}_{\scriptscriptstyle LT}}{\partial y} \right) = 2 \int _{B^n_{r_0}} \varphi \frac{\partial {\widetilde{v}}_{\scriptscriptstyle RT}}{\partial y} \, \mathrm{d}{\mathcal {H}}^n \le 0, \end{aligned}$$\end{document}$$where we used ([5.1](#Equ49){ref-type=""}). We can now state the main result of the section.

Proposition 5.1 {#FPar20}
---------------
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Before giving the proof, we need several auxiliary lemmas. When integrating along the boundary of a smooth $\documentclass[12pt]{minimal}
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The next lemma is an adaptation of \[[@CR9], Lemma 7.8\].

Lemma 5.2 {#FPar21}
---------
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                \begin{document}$$\begin{aligned} (n-1) \int _{B_r} |\nabla v|^2 \, \mathrm{d}z&= r \int _{\partial B_r} \left[ |\nabla _{\tau } v |^2 - v_{\nu }^2 \right] \, \mathrm{d}{\mathcal {H}}^n\\&+ 4 \int _{B^n_r} ( g' (2 v) - g' (0^+) )(x \cdot \nabla _{\tau } v) \, \mathrm{d}x. \end{aligned}$$\end{document}$$

Proof {#FPar22}
-----
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We will also need the following lemma:

Lemma 5.3 {#FPar23}
---------
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Proof {#FPar26}
-----

Writing the integral in polar coordinates and differentiating we obtain$$\documentclass[12pt]{minimal}
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We now state a trace inequality, whose proof can be found in \[[@CR20]\].
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In the following we will need an improvement of Lemma [5.5](#FPar27){ref-type="sec"}, which can be obtained using the fact that *v* is superharmonic.

Lemma 5.6 {#FPar28}
---------

There exists a constant *C*, depending only on *n*, such that for any $\documentclass[12pt]{minimal}
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Proof {#FPar29}
-----

Let us start by proving the first inequality. Since $\documentclass[12pt]{minimal}
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Hence, by Hölder inequality,that combined with ([5.7](#Equ55){ref-type=""}) yields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _{\partial B_r} | v | \, \mathrm{d}{\mathcal {H}}^n \le 2 \int _{\partial B_r} | v^- | \, \mathrm{d}{\mathcal {H}}^n \le C r^{\frac{n+1}{2}} \left( \int _{B_r} | \nabla v |^2 \, \mathrm{d}z \right) ^{1/2}. \end{aligned}$$\end{document}$$Finally, plugging this into ([5.6](#Equ54){ref-type=""}) we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_v (r)&\le C \biggr [r \int _{B_r} | \nabla v |^2 \, \mathrm{d}z + \frac{1}{r^n} \left( \int _{\partial B_r} | v | \, \mathrm{d}{\mathcal {H}}^n \right) ^2 \biggr ] \le C r \int _{B_r} | \nabla v |^2 \, \mathrm{d}z, \end{aligned}$$\end{document}$$which proves the first inequality of the statement.

To show the second inequality, it is enough to observe that$$\documentclass[12pt]{minimal}
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Before proving Proposition [5.1](#FPar20){ref-type="sec"} we need another lemma.

Lemma 5.7 {#FPar30}
---------
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Proof {#FPar31}
-----
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We are now ready to prove Proposition [5.1](#FPar20){ref-type="sec"}.

Proof of Proposition 5.1 {#FPar32}
------------------------
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Blow Up Profiles and Regularity of the Free Boundary {#Sec6}
====================================================

We are now going to study the blow up profiles of *v* and the regularity of the free boundary. As in the previous section, with no loss of generality we will assume that (0, 0) is a free boundary point and that $\documentclass[12pt]{minimal}
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Proposition 6.1 {#FPar33}
---------------

Let the assumptions of Theorem [1.1](#FPar1){ref-type="sec"} be satisfied, suppose that (0, 0) is a free boundary point for *u*, and that $\documentclass[12pt]{minimal}
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We first prove the proposition above in the case$$\documentclass[12pt]{minimal}
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Proof of Proposition 6.1 {#FPar34}
------------------------
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*and conclusion of proof of Proposition* [6.1](#FPar33){ref-type="sec"}.
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We now study the regularity of the free boundary in the special case in which $\documentclass[12pt]{minimal}
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Lemma 7.1 {#FPar37}
---------
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